Abstract This study applies image well theory to estimate the stream depletion rate (SDR) due to pumping near a meandering stream with a clogged streambed treated as the Robin condition. The stream is considered as an irregular boundary represented by discrete nodes. Image wells are arranged along the stream and near those nodes. On the basis of the Theis (1935) solution and the principle of superposition, the solution for the aquifer drawdown subject to the stream can then be expressed as the sum of the Theis solution and a simple series representing the effect of those image wells. The discharge rates of the image wells are determined by solving a system of equations obtained by substituting the drawdown solution into the Robin condition. Quantitative criteria for assessing the applicability of the image well theory are provided. On the basis of the drawdown solution and Darcy's law, the analytical solution for SDR can then be obtained. A finite element solution is also developed to verify the SDR solution. Temporal SDR distributions predicted by both the analytical solution and finite element solution agree well over the entire period except at late time when the stream filtration rate approaches the pumping rate (i.e., SDR ffi 1). It is found that a meandering stream has a significant effect on SDR compared with a rectilinear one and the effect should be taken into account in estimating SDR.
Introduction
The stream depletion rate (SDR), defined as the ratio of a stream filtration rate over a pumping rate, is especially noteworthy in assessing groundwater-surface water interactions. Moutsopoulos [2013] developed a semianalytical solution of the one-dimensional Boussinesq equation under a nonlinear Robin boundary condition by applying the Adomian decomposition method. Huang et al. [2014] gave a general review of existing analytical SDR solutions for rectilinear streams and two tables to classify these solutions according to flow dimensions, well types, aquifer types, and stream treatments.
Groundwater flow behavior influenced by a meandering stream can be explored by sophisticated numerical methods or field-scale experiments. Cardenas and Zlotnik [2003] developed a three-dimensional model based on a geostatistical approach to represent heterogeneous hydraulic properties of streambed deposits along a meander channel. Cardenas et al. [2004] investigated the impacts of streambed heterogeneity, bed forms, and stream meanders on advection across hyporheic zones by using MODFLOW, MT3D, and forward particle tracking. Nowinski et al. [2012] conducted an experiment on a meandering stream over several simulated flood events. Detailed measurements of steady state hydraulic head in the stream and adjacent aquifer were demonstrated. Kang and Sotiropoulos [2012] solved the unsteady Reynolds-averaged NavierStokes (RANS) equations for simulating turbulent flow in a field meandering stream. They revealed that RANS simulation fails to predict some key flow features which are observed in flow visualization experiments. Ward and Falle [2013] developed a numerical solution of SDR using an adaptive mesh refinement for handling irregular meanders and compared temporal SDR distributions based on rectilinear and meandering streams. Griebling and Neupauer [2013] used MODFLOW to solve a two-dimensional (2-D) groundwater flow equation coupled with Manning's equation describing the relationship between the stream stage and flow rate in a river with two tributaries. They found that the stream stage significantly declines due to pumping, which, in turn, results in substantial reduction in SDR compared with that based on a constantstage stream. Ai et al. [2013] simulated stream channel evolution by using the RANS equations for flow and the suspended-load transport module and bed load transport module for sediment transport. Stonedahl et al. [2013] Water Resources Research PUBLICATIONS of a stream. They indicated that the dune affects the interfacial flux more significantly than the other two when the stream has small sinuosity. Han and Endreny [2014] evaluated three MODFLOW packages including time-variant specified head package, river package, and streamflow-routing package and provided quantitative criteria of stream sinuosity for using these packages.
In fact, irregular meanders can be handled by the image well theory commonly applied to transform an aquifer of finite extent into an infinite aquifer so that the groundwater flow problem can be easily solved by analytical methods. On the basis of the theory, an image well placed on the opposite side of a boundary hydraulically replaces the boundary influence. The boundary can be under either the Dirichlet condition or no-flow condition. The former, also called the constant-head or first-type boundary condition, represents a large surface water body, such as a stream or a dam reservoir, where the hydraulic head remains constant all the time. The latter, a special case of the Neumann condition, can be used to represent faults, impervious barriers, groundwater divides, or symmetry lines [Wang and Anderson, 1982] . Analytical solutions based on the image well theory are reviewed below. Korkmaz [2013] developed an analytical solution describing a spatiotemporal groundwater mound subject to regional recharge between two Dirichlet boundaries. The derivation of the solution was based on the application of the method of images and Hantush [1967] solution. He also investigated the shift of a groundwater divide affected by the boundaries.
The technique for dealing with the problem of groundwater flow in a wedge-shaped aquifer by arranging finite image wells has been proposed. The wedge angle must be an aliquot part of 908 or 1808 for the aquifer where a pumping well can be arbitrarily located and each boundary is allowed to be under either the Dirichlet condition or the no-flow condition. Otherwise, the wedge angle must be an odd aliquot part of 3608 such as 1208. Several studies have been devoted to developing solutions for various groundwater problems under the circumstance that a pumping well is located at the bisector of the wedge angle, and both boundaries are considered to be the no-flow condition. Chapuis [1994b] extended the Cooper-Jacob approximation to new analytical solutions of drawdown subject to impervious boundaries with wedge angles of 608, 908, and 1208. The detection of the location and orientation of an impervious boundary via time-dependent drawdown data was discussed. Chen et al. [2009] developed an analytical solution describing drawdown induced by keeping constant discharge or constant head in a finite-diameter well in a wedge-shaped confined aquifer. Errors arising from adopting an infinitesimal well diameter were addressed.
Some previous studies developed mathematical models expressed in terms of the complex potential for steady state groundwater flow fields. Image wells were allocated to produce Dirichlet and no-flow boundaries. Chen et al. [2006] considered Girinskii's potential function for a confined-unconfined aquifer near a Dirichlet boundary. The aquifer behaves like an unconfined one near a pumping well and a confined one away from the well. They discussed the movement of the interface of the water The studies mentioned above consider horizontal groundwater flow in aquifers with lateral boundaries treated by the image well theory. Some articles applied the complex potential theory for a steady state 2-D flow field in a vertical plane. The component of the flow normal to the plane was neglected. Hypothetical image wells were used to deal with the effects of the top and bottom boundaries. Zhan [1999] developed an analytical solution describing the capture time of a particle from its initial position to a horizontal well in a confined aquifer. Anderson [2000] derived an analytical solution of potential and stream functions for a horizontal well in a two-layer aquifer where the top boundary is under the Dirichlet condition representing static water table. Later, Anderson [2003] proposed an analytical solution of the complex potential for a stream-aquifer system where the top boundary is under a mixed-type condition consisting of the Dirichlet condition for the stream stage and Neumann condition for exterior recharge. The image well theory was applied after the aquifer domain is transformed by the conformal mapping. Kompani-Zare et al. [2005] developed equipotential and streamline functions for describing a capture zone induced by a horizontal well in a confined aquifer.
To the best of our knowledge, the applications of image well theory to groundwater flow problems with the Robin boundary condition, also called the third-type boundary condition, have not been presented in the literature. In addition, existing analytical SDR solutions focus only on the case of a rectilinear stream. This note develops an analytical solution that applies image well theory to a meandering stream with a lowpermeability streambed treated as the Robin condition. The Theis [1935] drawdown solution for a confined aquifer without lateral boundaries is adopted as a kernel solution. Finite image wells are arranged along the stream. According to the principle of superposition, the solution of aquifer drawdown subject to the stream filtration is expressed in terms of the kernel solution plus a simple series based on the kernel solutions for the image wells with unknown pumping rates. These rates can be determined by solving a system of equations after substituting the drawdown solution into the Robin boundary condition. On the basis of the drawdown solution and Darcy's law, the analytical solution of SDR for the stream is then derived. A finite element solution is also developed to verify the SDR solution. Quantitative criteria to judge the applicability of spatial allocations for image wells are provided. In addition, the effect of meanders on temporal SDR distributions is investigated.
Methodology 2.1. Mathematical Model
Consider an isotropic and homogeneous aquifer with a pumping well near a meandering stream as illustrated in Figure 1 . The origin of the Cartesian coordinate system lies at the well. The governing equation describing the transient 2-D drawdown distribution in the aquifer can be written as
where t is time, s is pumping drawdown, T and S are the aquifer transmissivity and storage coefficient, respectively, Q is the pumping rate, and dðÞ is the Dirac delta function. The second term on the right-hand side (RHS) of equation (1) neglects a well radius and is valid for t > 2:5310 2 r 2 c =T, where r c is the inner well radius [Papadopulos and Cooper, 1967] . Consider that groundwater is static prior to pumping. The initial condition is thus written as
The stream geometry may be represented by
where c 
where s 0 is a height measured from the potentiometric surface to the stream stage, K is the nearby aquifer hydraulic conductivity, n is the direction normal to the stream, and K 0 and B 0 are the streambed hydraulic conductivity and thickness, respectively. Notice that s 0 is positive for the stream stage below the potentiometric surface but negative for the opposite. The Dirichlet and no-flow conditions are special cases of equation (4). If B 0 5 0, equation (4) reduces to s 5 s 0 , i.e., the Dirichlet condition. On the other hand, equation (4) reduces to @s=@n50, the no-flow condition, if K 0 5 0.
A no-flow boundary parallel to a stream for narrow aquifers can significantly affect the temporal SDR distribution at a late period of pumping time [Miller et al., 2007; Huang et al., 2014] . The aquifer boundary is considered under the condition that @s=@x50 at x52L 1 and L 2 (5a)
where W is aquifer's width, and L 1 and L 2 are distances measured from the pumping well to the left and right boundaries, respectively, as illustrated in Figure 1 .
Dimensionless variables and parameters are defined below 6) where the superscript bar represents a dimensionless symbol, and the variable a is defined as the shortest distance between the pumping well and the stream. According to equation (6), equations (1)-(5b) can be expressed, respectively, as
s50 at t50
f ð x Þ52 c 1 sin ½x ð x2 c 2 Þexp ½2 c 3 j x 2 c 2 j1 c 4 (9) @ s=@n5jð s2 s 0 Þ at f ð xÞ (10) Figure 1 . Schematic diagram of a pumping well and meandering stream surrounded by several image wells.
Water Resources Research

10.1002/2015WR016975
@ s=@ x 50 at x52 L 1 and L 2 (11a)
The Present Solution
Both stream and no-flow boundaries are discretized as finite nodes shown in Figure 1 . The number of the nodes is N, and the locations of the nodes are denoted as ( x j , y j ) where j 2 1, 2, . . ., N. The dimensionless distance between two neighboring nodes is suggested to be equal to or less than 0.1 (i.e., 0.1a for a dimensional distance). One image well is allocated near each node. The number of the image wells is therefore N.
The dimensionless distance between an image well and its nearest node is d (i.e., d3a for a dimensional distance). The locations of these wells are ( x i , y i ) where i 2 1, 2, . . ., N. Note that each well has an unknown rate R i 5 Q i /Q where Q i is a discharge rate if Q i > 0 or an injection rate if Q i < 0.
The Theis [1935] drawdown solution, satisfying equations (7) and (8) where R i is unity for the pumping well and an unknown for each image well because of Q i , ( x w , y w ) is (0, 0) for the pumping well and ( x i , y i ) for the ith image well, and W(u), the well function, can be evaluated by the Mathematica routine ExpIntegralEi.
The drawdown solution of the model for an aquifer hydraulically connected with a meandering stream can be obtained by applying the image well theory. The solution is expressed in terms of a simple series as sð x ; y; tÞ5s T ð x; y; t ; 1; 0; 0Þ1 X N i51 s T ð x ; y; t ; R i ; x i ; y i Þ
where the first term reflects the drawdown induced by the pumping well while the second term is a simple series with the ith term reflecting the drawdown induced by the ith image well. The method used to determine R i is discussed in section 2.3.
On the basis of Darcy's law, SDR from a meandering stream can be defined as a line integral of
where D 5 T/K is the aquifer thickness, X is the path of integration represented by equation (3), l is the integration variable on X, and the integrand represents the flux across the streambed. According to equations (6) and the definition of l5l=a, equation (14) approaches
where l j is the half distance between ( x j11 ; y j11 ) and ( x j21 ; y j21 ). When j 5 1, ( x 0 ; y 0 ) is set to ( x 1 ; y 1 ). When j 5 N, ( x N11 ; y N11 ) is set to ( x N ; y N ).
Determination of R i
The numerical results of R i can be determined by equations (10) and (13). Equation (10) is first discretized as
where s is dimensionless drawdown at ( x j ; y j ), s 0 is dimensionless drawdown at ( x 0 j ; y 0 j ) normal to the stream and separated by a dimensionless distance n 0 . We suggest taking n 0 5 0.01 which indicates 1% of the shortest distance between the stream and the pumping well. Equation (16) According to equations (12a) and (12c), equation (17) is further arranged in terms of the well function as
with
The numerical results of R 1 , R 2 ,. . ., R N are the roots of the simultaneous equations consisting of equation (18a) where j 2 1, 2,. . ., N. They can be solved by the Mathematica routine NSolve. Note that the numerical values of the well functions in equation (18a) are obtained as the coefficients of those simultaneous equations.
The efficiency of determining R i can be improved. Some image wells at remote locations have not yet affected the drawdown near the pumping well at early pumping times. Wang and Yeh [2008, p. 3458] defines a boundary-effect time as t 5 r 2 S=ð16TÞ where r herein represents the radius of influence induced by an image well. On the basis of equation (6), the dimensionless boundary-effect time is written as t 5 r 2 = 4 where r5r=a. We suggest setting R i 5 0 when r 2 20 t (i.e., ð x j 2 x i Þ 2 1ð y j 2 y i Þ 2 20 t) in numerical calculations. The number of unknowns R i can be largely reduced when t is small.
Finite Element Solution
Galerkin's finite element method is used to approximate equations (7)- (11b) for comparison with the SDR solution based on the image well theory. The domain is discretized with nodal points demonstrated in Figure 2. In addition, linear triangular elements are also demonstrated in the figure. The implicit finite difference scheme is adopted to discretize the term @ s=@ t in equation (7). Readers can refer to Wang and Anderson [1982] for detailed derivations. The pumping well is located at the origin. The no-flow condition is imposed at y 5 9 for the upper boundary and x 5 230 and 30, respectively, for the left and right boundaries. The nodes at the stream are plotted using equation (9) with c 1 5 400, c 2 5 5, c 3 5 p/200, and c 4 5 212.54. An integer pair (m, n) is ordered for the nodes from the left boundary of m 5 1 and from the stream of n 5 1. At the stream, nonuniform grid size D l m; 1 between two nodes of (m, 1) and (m 1 1, 1) is chosen to be 0.1 in the region of 21 < x < 1, 0.5 in the regions of 211 < x < 21 and 1 < x < 6, and 2 in the regions of 230 < x < 211 and 6 < x < 30. The number of the nodes for a fixed m is 101 in the region of 21 < x < 1, 51 in the regions of 211 < x < 21 and 1 < x < 6, and 26 in the regions of 230 < x < 211 and 6 < x < 30. The total number of the nodes is 5731 and of the elements is 11,200. On the basis of the drawdown calculated at the stream of n 5 1, SDR from the stream is estimated by
where k 2 1; 2; :::; 10 6 ; D l 0; 1 , D l Nm; 1 , and s 0 are all set to zero; N m 5 106 is the number of nodes at the stream; s k m; 1 is the drawdown at the node (m, 1) when t5D t3k, and D t, time step, is set to 0.1 for the simulation period of 10 5 .
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Results and Discussion
This section discusses aquifer drawdowns and SDRs predicted by various solutions. In section 3.1, the allocation of image wells for improving the accuracy of the predicted drawdown from equation (13) is addressed. In section 3.2, temporal SDR distributions predicted by the SDR solution (equation (15)) and the finite element solution are compared. In addition, the difference in SDRs obtained from straight and meandering streams is also discussed. In these two sections, the distance between two nearby nodes at the stream and no-flow boundaries is set to 0.1 for the present solution based on the image well theory. The s 0 at each of those nodes is set to zero for the stream stage at the same elevation as the potentiometric surface. The j is set to unity for a homogeneous streambed. The shortest dimensionless distance between a pumping well and a stream is unity.
Image Well Allocation
Consider a straight stream regarded as the Robin condition and nearby aquifer extending semifinitely from the stream as illustrated in the upper right panel of Figure 3 . The stream is located at y 5 21, and the pumping well is installed at the origin. The Hantush [1965] solution is used to predict the dimensionless spatial drawdown at the stream-aquifer intersection for t 5 10 5 as shown in the figure.
The distribution is symmetric to the y axis. The observed drawdown distributes over the dimensionless x axis between 230 and 30, indicating the main reach of the stream filtration. This reach is discretized with 600 nodes. Image wells are parallel to the stream and separated by a dimensionless distance d as shown in the 
Comparison With the Finite Element Solution
Consider a finite-extent aquifer with a meandering stream at one side and noflow boundaries at the other three sides as illustrated in Figure 4 . The image wells are placed along the stream and boundaries with a constant distance of d 5 0.5. The no-flow condition can be achieved simply by setting j50 in equation (16). The shortest dimensionless distance between the pumping well and the boundary is set to 9. When c 1 5 0 and c 4 5 21 in equation (9), the meandering stream becomes straight. The temporal SDR distributions predicted by the present SDR solution and the finite element solution are plotted in the figure for the meandering and straight streams. The SDR solution of Huang et al. [2014] for the straight stream is also plotted to verify the finite element solution with c 1 5 0 and c 4 5 21. The present SDR solution agrees with the finite element solution over the entire period except 300 < t < 10 3 for the straight-stream case and 10 3 < t < 3310 3 for the meandering-stream case.
The difference in the predicted SDR is large for the time when SDR ffi 1 indicating that the stream filtration rate approaches the pumping rate. We define the relative error as E5ðSDR p 2SDR e Þ=SDR e 3100% where SDR p and SDR e are the SDRs predicted by the present SDR solution and the finite element solution, respectively. The largest relative error is less than 5% in both cases. Accordingly, it is reasonable to conclude that the present solution gives a fairly good SDR prediction except when SDR ffi 1.
Concluding Remarks
A mathematical model is developed on the basis of image well theory to describe 2-D transient groundwater flow induced by pumping from a well in a confined aquifer near a meandering stream with a clogged streambed. The aquifer is bounded with a stream in one side and with no-flow boundaries in the other three sides. Several image wells with unknown discharge rates are placed along the stream and boundaries. The drawdown solution of the model consists of the Theis solution and a simple series derived on the basis of the image well theory. Using Darcy's law and the drawdown solution, the solution of SDR for the meandering stream is developed. A finite element solution is also developed to verify the SDR solution. The temporal SDR distributions predicted by both solutions agree fairly well over the entire period except when the stream filtration rate approaches the pumping rate (i.e., SDR ffi 1). A meandering stream has a significant effect on SDR as compared with a straight one and the effect should be considered in estimating SDR. Quantitative criteria for the applicability of the present approach to meandering streams are given below:
1. A meandering stream with arbitrary geometries is necessarily discretized as finite nodes in the Cartesian coordinate system of x and y. The dimensionless distance between two adjacent nodes should be equal to or smaller than 0.1 (i.e., 0.1a for a dimensional distance). 2. The number of image wells should be at least equal to the number of total nodes used in discretizing a meandering stream.
3. Image wells with unknown R i are allocated along a discretized stream. The dimensionless shortest distance between each image well and its nearest node ranges from 0.1 to 1 (i.e., from 0.1a to a for dimensional distances).
4. The efficiency of determining R i can be improved by setting R i 5 0 when r 2 20 t (i.e., ð x j 2 x i Þ 2 1ð y j 2 y i Þ 2 20 t) for reducing the number of unknowns R i in numerical calculation.
